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Abstract

The paper investigates the synchronization stability problem for a class of
complex dynamical networks with Markovian jumping parameters and mixed
time delays. The complex networks consist of m modes and the networks switch
from one mode to another according to a Markovian chain with known transition
probability. The mixed time delays are composed of discrete and distributed
delays, the discrete time delay is assumed to be random and its probability
distribution is known a priori. In terms of the probability distribution of the
delays, the new type of system model with probability-distribution-dependent
parameter matrices is proposed. Based on the stochastic analysis techniques
and the properties of the Kronecker product, delay-dependent synchronization
stability criteria in the mean square are derived in the form of linear matrix
inequalities which can be readily solved by using the LMI toolbox in MATLAB,
the solvability of derived conditions depends on not only the size of the delay,
but also the probability of the delay-taking values in some intervals. Finally, a
numerical example is given to illustrate the feasibility and effectiveness of the
proposed method.
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1. Introduction

Complex dynamical networks are becoming increasingly important in contemporary society
both in science and technology [1-5]. A complex network is a large set of interconnected
nodes, in which a node is a fundamental unit with specific contents. Examples of complex
networks include the Internet, which is a network of routers or domains; the World Wide Web
(www), a network of web site; the brain, a network of neurons; food webs; telephone cell
graphs and electricity distribution networks, etc. Many of these networks exhibit complexity
in the overall topological properties and dynamical properties of the network nodes and
the coupled units. The complex nature of complex networks has results in a series of
important research problems. In particular, one of the interesting phenomena in complex
dynamical networks is the synchronization of all dynamical nodes in the networks [6—14].
The synchronization phenomena are very common and important in real-world networks,
such as synchronization phenomena on the Internet, synchronization transfer of digital or
analog signals in communication networks and synchronization related to biological neural
networks. Hence, synchronization analysis in complex networks is important both in theory
and application.

Time delay is ubiquitous in many physical systems due to the finite switching speed
of amplifiers, finite signal propagation time in biological networks, finite chemical reaction
times, memory effects and so on [15-17]. Moreover, time delay in the interaction may modify
drastically the dynamic behavior of the system, such as stability and ergodicity. Therefore,
time delays should be modeled in order to simulate realistic networks, and it can exhibit the
reality much better. Therefore, the synchronization problem for complex networks with time
delays has gained increasing research attention. It is worth pointing out that, among most
existing results, the network synchronization problem has been predominantly studied for
deterministic complex networks with or without delays, see [3, 7, 8, 18-23] and the references
therein. For example, the global synchronization problem for complex networks without
delays has been explored in [3, 18, 19]; the network synchronization problem of complex
networks with delays or coupling delays has been studied in [7, 8, 20] and the literature
[20, 22] has been concerned with the adaptive synchronization problem of some dynamical
networks. It is worth mentioning that the time delays can be generally categorized as discrete
ones and distributed ones, and the distributed delays have gained particular attention since
networks usually have a spatial nature due to the presence of an amount of parallel pathways
of a variety of axon sizes and lengths [23]. Recently, synchronization problems for various
networks with discrete and/or distributed time delay have extensively studied [4, 24, 25].

Firstly, in real-time systems, complex networks may be subject to networks mode
switching, a network sometimes has finite modes that switch from one to another at different
times [26, 27]. In [28], the bufferless packet switching of trees and leveled networks has
been illustrated to be achievable with certain network topologies. In [27], a sensor network
has been shown to have jumping behavior due to the network’s working environment and
the mobility of sensor node. In [25], exponential synchronization of complex networks with
Markovian jump and mixed delay has been studied. In [29] the asymptotic synchronization
analysis problem has been investigated for a class of discrete-time stochastic Markovian
complex networks with discrete and distributed time delays. In [30, 31], the exponential
stability has been studied for delayed recurrent neural networks with Markovian jumping
parameters. Secondly, the signal transmission is usually a noisy process brought on by
random fluctuations from probabilistic causes and, therefore, stochastic modeling has been of
vital importance in many branches of science such as neurotransmitters and packet dropouts. It
is often the case that the dynamical behaviors of complex networks are largely affected by the
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stochastic disturbances. Subsequently, the synchronization problem for stochastic networks
has begun to receive some initial research interest. In [4, 9, 10, 32, 33], the synchronization
problems have been intensively investigated for delayed complex networks with various kinds
of stochastic disturbances, where the criteria ensuring the synchronization among networks
have been derived mainly based on the Lyapunov approach that is capable of coping with the
different types of time delays. More recently, by using the Lyapunov functional method and
Kronecker product technique, the global exponential synchronization has been established
in [34] for arrays of coupled identical delayed neural networks with constant and delayed
coupling. Thirdly, as is well known, a wide class of practical systems is influenced by
additive nonlinear disturbances that are caused by environmental circumstances, the randomly
occurring nonlinearities, which have recently received some interest in the literature. For
example, in [35], the filtering and control problems for discrete-time systems with stochastic
nonlinearities have been thoroughly investigated. Finally, in many practical systems, such
as networked control systems, the probability distribution of time delay in the interval is an
important characteristic for the network conditions [36]; the probability of the delay appearing
in the lower interval is large and long delay happens with a low probability [37—41]. Therefore,
the information of probability distribution of the delay should be employed in the model. To
the best of the authors’ knowledge, no result has been reported for the synchronization stability
analysis of complex dynamical networks with Markovian jumping when both the information
of variation range of the time delay and the information of variation probability of the time
delay in an interval can be observed, which motivates the present study.

Motivated by the above analysis, the synchronization problem is investigated for a class
of stochastic complex networks with Markovian jump and probabilistic interval time-varying
delays. There are several delay-dependent sufficient conditions under which the complex
network is asymptotically synchronized in the mean square by utilizing a new Lyapunov
functional and the stochastic analysis techniques; the criteria obtained in this paper are in the
form of LMIs whose solution can be easily calculated using the standard numerical software.
The solvability of derived conditions depends on not only the size of the delay, but also the
probability of the delay-taking values in some intervals. The main novelty of this paper can
be summarized as follows. (1) Markovian jumping parameters and mixed time delays are
introduced for complex dynamical networks. A primary difference between our model and
[25] is that in our model, all matrices contain Markovian jumping parameters, but in [25], the
mixed delays are considered that are dependent on the jumping mode. (2) In our paper, the
stochastic coupling term and stochastic disturbance are investigated in order to reflect more
realistic dynamical behaviors of the complex networks that are affected by noisy environment,
which are not considered by [25]. A simulation example is exploited to demonstrate the
advantage and applicability to the proposed result.

Notation. The notation used throughout the paper is fairly standard. R" denotes the
n-dimensional Euclidean space and R™™™ is the set of real n x m matrices. The notation
X > 0 (respectively, X < 0), for X € R™" means that the matrix X is a real symmetric
positive definite (respectively, negative definite). For a real matrix B and two real symmetric
matrices A and C of appropriate dimensions, [ 2 é] denotes a real symmetric matrix, where
* denotes the entries implied by symmetry. diag{---} stands for a block-diagonal matrix.
The superscript ‘7" stands for matrix transposition. The Kronecker product of matrices
Q € R™ and R € RP*? is a matrix in R">*"? and denoted as Q ® R. We let T > 0 and
C([—7,0]; R™) denote the family of continuous functions, from [—7, 0] to R" with the norm
lpl = sup_,<p<oll@(@)|l. Moreover, let (2, F, {F:};>0, P) be complete probability space.
Denote by L jPTOC ([—7, 0]; R™) the family of all Fy-measurable C ([—1, 0]; R")-valued random
variables § = {§(0) : —7 < 6 < O} such that sup_, .y, lI§(0)[|” < oo, where E{-} stands for
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the mathematical expectation. In this paper, if not explicitly stated, matrices are assumed to
have compatible dimensions.

2. Complex dynamical network model and preliminaries

Let r(t)(r > 0) be a right-continuous Markov chain on the probability space (<2, F,
{Fi}i>0, P) taking values in a finite state space S = {l,2,...,m} with a generator
I'= (Vij)mxm giVeH by

VijA+o(A) @ #Jj)

L+yA+0(A) (i =)) b

Plr(t+A) = jIr(t) = i) ={

where A > 0 and limAﬁo%
Yii = — Z#i Vij-
In this paper, we consider the following stochastic delayed complex dynamical networks

by N identical nodes with Markovian jumping parameters and mixed time delays:

= 0. y;; = 0 is the transition rate from i to j; if i # j, then

dxy (1) = [A(r(t))f(xk(t)) + B(r(1)g(x(t — (1)) + C(r(t))/ h(xi(s)) dS} dr

N N

+3 G Trrox Ot +dwi (D) + Y Gy Tarwxi(t — T(0))(dt + dwy (1))
=1 =1

+ oy (t, xp (1), x(t — T(1))) dws(r) (k=1,2,...,N) )

where x;(t) = (o1(t), xe2(t), ..., Xkt (1)T € R" is the state vector of the kth node.
{r(¢),t > 0} is the continuous-time Markov process which describers the evolution of
the mode at time 7. f(-), g(-), h(-) € R" are sector-bounded continuous nonlinear vector
functions. I'y ) and I'p ) € R™*" represent the inner coupling between the subsystems at
tand t — 7(¢) in mode r(¢), respectively. Gil(z) = (Gl(c},)r(t))NxN and Gf_%g) = (Gl(j,)r(l))NxN
are the outer-coupling matrices of the networks representing the coupling strength and the
topological structure of the complex networks, in which G,(g,)r () 18 defined as follows: if there

exists a connection between the kth node and the /th node (k # [), then Gf:f?r o= G,(;f)r(t) > 0,

otherwise G{7,, = G{7.,, = 0 (k # I), and the diagonal elements of matrix G, are defined

by

N
Glw=— Y GI, (@=1,2k=12,...,N). 3)
I=1,kI
or(s, ) : R x R* x R" — R" is the noise intensity function vector. The scalar function
7(¢) denotes the time-varying discrete time delay, whereas the scalar t > 0 describes the
distributed time delay. w;(¢t) (i = 1,2, 3) are scalar Brownian motions defined on (2, F, P)
satisfying
E{w;} =0  E{w;0)’} =1 “)
where wi (#) and w;(¢) represent the coupling strength disturbances while w3 (¢) is the system
noise. Here w; () (i = 1, 2, 3) is assumed to be mutually independent.

Assumption 1. There exist constants t; and T, where 0 < 11 < T, such that either
t(t) € [0, 7] or T(t) € (11, 2]. Furthermore, the probability distribution of t(t) taking
values in [0, 7] and (11, 2] is known a priori.

Define the following two sets and functions:
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Qu={t:t(®) €0, 7]} Qo ={t:7(t) € (11, 2]} ©)
[t e ) e
nin) = {rl e n() = {1:2 (t eQ). ©)

From the definitions of 21 and €2, it can be seen that t € 2; means that the event 7 (¢) € [0, 1]
occurs and 1 € 2, means that the event 7(¢) € (ty, 12| occurs. Therefore, a stochastic variable
B(t) can be defined as

1 (t € Q))
plt) = {0 (t € Q). ™
Assumption 2. B(t) is a Bernoulli distributed sequence with
P{B(t) =1} = Bo. P{B@) =0} =1— Bo. ®)

Remark 1. From assumption 1, it can be shown that E{8(¢)} = By and E{(B(t) — Bo)*} =
Bo(1 = Bo). Since P{z(r) € [0, 7]} = P{B(r) = 1} and P{z(2) € (11, 2]} = P{B(r) =0},
Bo and 1 — By denote the probabilities of t(¢) taking values in [0, 7] and (71, 7»] respectively.

Remark 2. The introduction of B(#) is motivated by [42—45], where the Bernoulli distributed
sequence S () is used to model the randomly varying delay and packet dropout. Different from
[42—45], B(t) is used in this paper to describe the probability distribution of the time-varying
delay taking values in an interval.

By using the new functions 7 (¢), 72(¢) and B(¢), the system (1) can be rewritten as

dxy (1) = [A(r(t))f(xk(t)) +B(1)B(r(1)g(xi(t — 71 (7))

+ (1 = B0)B(r(1)g(x(r — 12(1))) + C(r(t))/ h(xk(s))dsi| dr

N

+ Z Gl(c},)r(t)rl.r(t)xl (1) (dz + dw; (2))
1=1

N
+B1) DGR Tarwxi(t — T1())(dr +dwy(1))
=1

N
+ (1= B Y Gy Tarxi(t — Ta(0))(dt + dwy (1))
=1

+[B@)or(t, xi (1), xi(t — 71(1))) + (1 — B(O) oy, xx (1), xi (1 — T2(1))) ] dw3 (¥).
©))
Note that the set S consists of different operation modes of systems (9) for each possible
values of r(t) = i,i € S. For the sake of simplicity, we denote the matrix associated with the
ith mode by I'; = ['(r(t) = i); the matrix I" could be A, B, C, GV, G? 1, T,. Therefore,
the system (9) could be further rewritten as

dxy (1) = [Aif(Xk(t)) +B()Big(x(t — 1 (1)) + (1 = B()) Big(xi (t — 2(1)))

t N
+Ci / h(xi(5)) ds] dr+ Y Gyl Tyox (1) (de + dwy (1))

=1
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N
+B(1) Y GlToixy(t — 71 (1))(dr + dwy (1))
=1

N
+ (1= B(1) Y GaTaxi(t — 1a(0))(dt +dwy (1))
=1

+ B o (t, xk (1), xi (t — 71 () + (1 — BE)) o (£, x, (), X (t — 72(2)))] dws3 ().
(10)
Assumption 3 [35]. For Vu,v € R", the nonlinear functions f(-), g(-) and h(-) satisfy the
following sector-bounded condition:
[f@) = f) = Fiw = )" [f () = f(0) = F2(u —v)] <O (11)
[g) — g() — X1(u — v)]"[g) — g(v) — Xo(u —v)] <0 (12)
[h(u) — h(v) — Hy(u — v)]" [h(u) — h(v) = Hy(u — v)] <0 (13)

where Fy, F», X1, X», H; and H; are real constant matrices with F> — F1 > 0, X, — X1 >0
and H2 — H1 2 0.

Remark 3. The nonlinear functions f(-), g(-) and h(-) satisfying assumption 3 are said
to belong to the sectors [Fy, F>], [X1, X»] and [H,, H,] respectively. Note that the sector-
bounded nonlinearity of stochastic systems has been studied in [9, 35]. It should be pointed
out that such a nonlinear condition is more general than the usual Lipschitz conditions that
have been widely used in [4]. By adopting such a presentation, it would be possible to reduce
the conservation of the main results caused by quantifying the nonlinear functions via a LMI
technique.

Assumption 4. The noise intensity function vector o : R x R" x R" — R" satisfies the
Lipschitz condition; there exist some constant matrices 1y, 1y, I15 and T14 of appropriate
dimensions such that the following inequalities hold:

Lo (t, Xk (1), xx (t — T1(2))) — oy (¢, x1(2), x,(t — 71 ())]"
x [or(t, xk (1), xp(t — 71(2))) — oy (2, x; (1), x;(t — 71(2)))]
<TG (1) — X (O + T2 (e — 71 () — xi (8 — T (D)) (14)
Lok (t, Xk (2), xx (t — T2(2))) — oy (¢, X1 (t), x,(t — T2())]"
x [oy(t, x; (1), Xk (t — 12(2))) — o7 (t, x1(2), X1t — 12(2))]
< T (0) — 1O + 1T (e — 12(0) — 3, (2 — OD 1P (15)

By utilizing the Kronecker product of the matrices, the network system (9) can be written
in a compact form as

dx(r) = |:(IN Q@ ADF(x(1)) + B(1)(In @ B)G(x(t — 71(1)))

+(1=BM)Uy ® B)G(x(t —12(1)) + (In ® Ci)/ H(x(s)) dS] dr
+(G @ Ty)x(1)(dr +dw; (1) + 1) (G ® T )x (1 — 11 (1))

x (df +dw (1) + (1 — BE)(GP & Tay)x(t — wa(1))(df +dws (1))

+[B)o V(@) + (1 — B(1))o® ()] dws(7) (16)
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where

x(0) = (T O, d @), ..., x50)"

F(x@®) = (fT @), fTa@), ..., fTavo)”
Gx() = (8" (x1(1)), &7 (xa (@), ... g" en (D))"

H(x(s))ds = (/ hT(xl(s))ds,/ hT(xz(s))ds,...,/ hT(xN(s))ds>

o V@) = (of (4, x1 (), 1t =11 (1)), 0] (1, 22(0), X2t — T4 (D)), - ..,
oy (t, xn (), xn(t — 1)
o) = (of (1, x1 (1), 1t = 12(1))), 0] (t, 22(0), 2t — T2(D))), . ..,
oy (t, xn (), xn (t — 1)
The initial conditions associated with system (9) are given by
Xk (s) = gr(s) € Ly ((—o0,0], R") k=1,2,...,N) 17

where Lz, ((—oo, 0], R") is the family of all Fy-measurable C((—oo, 0], R")-valued random
variables which satisfy sup_. <, <o E{ll¢;(s)[|*} < oo.
Before starting the main results, some definitions and lemmas are introduced here.

t

Definition 1. The set S = {x = (x1(s), x2(5), ..., xn(5)) : xx(s) = x;(5),1 < k < N}, is
called the synchronization manifold of networks (9):

Definition 2. The synchronization manifold S is said to be globally asymptotically stable in
the mean square, if for Vi (-), ¢1(-) € Lx,((—o0, 0], R"), the following holds:

lim, oo E{ [l (2, 91 (5)) — 212, ()7} = 0 (I1<k<I<N). (18)

Lemma 1 [46]. By the definition of the Kronecker product, the following properties can be

proved:

(xA)® B=A® (aB)

(A+B)QC=AQC+B®C

(A® B)(C® D) = (AC) ® (BD)

(A®B) =A" @ B”.
Lemma 2. Let U = (a;j)yxn, P € RV, x = (xlT, sz, e, x{,)T, where x; =
(Xi1, Xi2, .., Xin)T € R" and x = (x] , x] , ---,X;;)T, where y; = (Yi1, Yizs - -+ Yin)! € R";
if U =UT and in each row sum of U is zero, then

TUSPy=— > il —x) POy —y)). (19)

1<i<j<N

Lemma 3. Suppose 11 < 7(t) < 1, Q; (i = 1,2,3) are some constant matrices with

appropriate dimensions, then
O1+(m—1(0) 02+ (1) —11)03 <0
if and only if the following inequalities hold:
O1+(—1)02<0
01+ (—m)03 <0.
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Lemma 4. Qy;, Q2 (i = 1,2) and Q are constant matrices of appropriate dimensions,
7;(t) (i =1, 2) satisfies 0 < 11(¢) < 11 € (t) < 12, then

[t O+ (t — () Qul+[(n2(t) — 1) Q2+ (2 — 2(1)) O] + 0 <0
if and only if

n0n+(@m-—1)0n+0<0

1 On+(m—1)02+0 <0

110+ (m—1)0n+0 <0

T0n+(m—1)0n+0 <0.

Lemma 5. Let f(-) be a nonnegative function defined on [0, +00); if f(-) is Lebesgue
integrable and is uniformly continuous on [0, +00), then lim;_, .~ f () = 0.

3. Main results and proofs

In this section, we present the synchronization criteria for the delayed complex networks with
stochastic disturbances.
We rewrite (16) as

dx(r) = {(IN Q@ ADF(x(1)) + fo(In ® B))G(x(t — 71(1)))
+ (1= Bo)Un ® BHG(x(1 — 12(1))) + (B(t) — Bo)[(Iy ® B))G(x(t — 71(1)))

t

— (N ®B)GG(t — N+ Uy ®C) | H(x(s)ds+ (G & I'i;)x(r)

-1

+Bo(GP ® Tyy)x(t — 1i(1)) + (1 — Bo) (GP ® Ty )x(t — a(1))
+(B() — B)[(G” @ Tai)x(t — 11 (1)) — (G @ Tay)x(r — n(t))]} dr

+(GP @ T'y)x(t) dwi (1) + B(1)(GP & I'ai)x(t — 71 (1)) dwa(r)
+(1 =BG & I'y)x(t — 12(1)) dwa (1)

+ (B (@) + (1 — B())o® ()] dws(1). (20)
Define

y(t) = A&(1) 21)

where

A=[G" @Iy P(GP®Ty) 0 (1-B)(GP®Ty) 0 Iy® A Po(ly ® By)
(1-B)Uy®B) 0 Iy®Ci 0]

') =[x"() X"t —1(0) x"(t — 1) X"t — () x"(t —12) FT(x(1))

GT(x(t—n() G'(x(t—n@®) H'x@) [ H (x@6)ds y'(©0)];
then system (20) can be expressed as

dx (1) = (y(2) + (B(t) — Po)BE(1)) dt + 6 (1) dw(r) (22)

where

B=[0 (GP®Tx) 0 —(G?®Ty) 0 0 (Uy®B) —Uy®B) 0 0 0]

s =[(G"@Ti)x(1) BO(G? @Ta)x(t — (1) +(1— B (G ® o) x(t — 12(1))
B () + (1= B1)c® ()]

dw’ (@) = [dw! (1) dwl @) dwl®)].

8
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Theorem 1. For given scalars 75 > 11 > 0,7 > 0 and By > 0, the stochastic
delayed networks (9) with mixed time delays and Markov switching are asymptotically
synchronized in the mean square, if there exist appropriate dimensional matrices
P> 00 =12,....m),0 > 0,Z > 00 =12),R; >0 = 1,2,3) and
Yi, Mi, T;, W; i = 1,2) and S;(j = 1,2,3,4) and positive scalars ,; > 0,Ay >
0,01 > 0,0 > 0,03 > 0 such that the following linear matrix inequalities hold for all
1<k<I<<N:

[ZEZ’ E*ZJ <0 (23)
P—al<0  (=1,2,....ml=1234) (24)
where
CIRT * * * * * * * * * * ]
O, Oy * * * * * * * * *
0 O3 O3z * * * * * * * *
O41i Os O3 Ou % * * * * * *
0 0 0 Os4; Oss * * * * * *
i = | O AiTSZT 0 Al.TS3T 0 —201 * * * * *
O O 0 B4 O 0 O77; * * * *
Og;;i BOg 0 BOgg O 0 Og7;  Oggi  * * *
@91,' 0 0 0 0 0 0 0 @99,' * *
crst ¢Ist o cr'sT 0 0 0 0 0 —R *
LOmn,1; Oz 0 Oy 0 S3A; BoSaB: Ongi 0 SiCi Oppp;
'L’]MT ‘E]MT ‘L’]YT ‘L']YT
21 _ 'E]MT 2 _ ‘L']MT 23 _ 'L'1YT 24 _ ‘L']YT
2 (n—Tm)W?| ™ (-7 | 7 (p—m)Wr| ™ (n—m)T”
(o —T)WT, (o —)T7, (n— W7, (p—)T7,

Yy =diag{—t R — 11 Z1 — (2 — 1) Ry — (12 — 11) 25}

m
O = Zyijpj - NG/(C}}I)FlT,-PiFn + 2B T Ty +2(1 — o)L TS T3 + Q1 + Q>
=1

+Y + Y] = NG STy — NG TLST — oy (FI By + FI Fy)
— 20 (X{ Xo+ X3 X1) — a3(H{ H, + H) H,)

O =Y, — Y[ — BoNGITLST — NG} s,T;

Oni = —2NBoGiy T Pl + 2Bon IS Ty — fo(1 — BONTI G T3, Zi Ty
— Bo(1 = BON(r2 — 1) G315, ZoT0 — Yo — Yy + My + M{
— BoNG () $aTy: — NG T L ST

Oxni = My — M[

Onpi=—Q1 — My — M+ T+ T

O41i = —(1 — B)NGOTEST — NG STy

Oui = Po(1 — PONTIGL T3, Z1 Do + Bo(1 — Bo)N (12 — 1) G5 T3, Zo T
— (1= B)INGITLST — BING ) S3Ty,
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Oupi =T, — T
Oui = —2N(1 — Bo)GEPTL Pily; +2(1 — BTN T, — Bo(1 — B)NTGEITL Z, Ty

— Bo(l = BoIN (2 — )Gy Th ZoTos — To — T) + Wy + W
— (1= B)NG 3T — (1 — Bo)NG T3, S7
Osyi = W — W
Ossi = —0r — W — W)
®61i = AITSIT +051(F| + Fz)
O71i = BoB! S| + a2 (X1 + X2)
Ori = —Po(l = )NTIG T3 Z1Toi — Bo(1 = Bo)N (2 — 1) G T3, ZoT i + Bo B S)
Oui = ol — PONTIGG P TLZ Do + Bo(1 — Bo)N (12 — 1) G5 T, ZoTi + BoB] ST
O77 = Bo(1 — Bo)ti B! Z\Bi + Bo(1 — Bo)(v2 — 1) B/ Z2B; — 2051
Os1i = (1 = Bo) B/ S| +aa (X + X2)
Ogoi = o(1 — o)NT1B] ZiTai + fo(1 — Bo)N(r2 — 11) B ZoTi + (1 — Bo) B/ S7
Os4i = —Po(1 = Po)NT1 B Zi T — fo(1 = Po)N (v2 — 11) B ZoTai + (1 — o) B S5
Os7i = —Bo(1 — Bo)T1 B Z1B; — Bo(1 — Bo) (2 — T1) B} Z2B;
Oss; = Po(l — Bo) 11 B Z1B; + Po(1 — Bo) (12 — 1) B ZoB; — 2051
Oo1; = az(Hy + Hy)
899[ = ‘L'2R3 - 20[31
O =P - NG/((},?Szlrli - ST
O = —,30NG1(3354F21' -5
O114i = —(1 = B)NG)SaT; — ST
O11,8: = (1 — Bo)S4B;
Ouii=tuRi+(m—1)R— S4 — S}
y"=[¥7 ¥/ 000000 0 0 0]
MT=[0 MT MI 0 000 00 0 0]
T"=[0 0 17 77 0 0 0 0 0 0 0]
w'=[0 00 W W/ 0000 0 0]
ST=[sT ST 0 ST 000000 ST].
Proof. For presentation convenience, let xi;(f) = xx () — x;(t), yu(t) = () — yi(t),
f/;l(t) = f (1)) - Fa(®), gu@) = glx@) — g(xi (1)), hu(t) = h(xi(t)) — h(x (1)),
i ha(s)ds = [ [h(x(s)) — h(x(s)]ds,(BE)u () = (BE(1) — (BE) (1), Eu(t) =
£.(t)—& (t). Denote by C>!(R, x R x S; R") the family of nonnegative functions V (¢, x(¢), i)
on R, x R x & which are once differentiable with respect to the first variable ¢ and twice

differentiable with respect to the second variable x(#). Construct a Lyapunov—Krasovskii
functional candidate as

Ve, x(@),i) =Vi(t,x@), i)+ Valt,x(t), 1) + Va3(t, x(2),1) + Va(t, x (1), i) (25)

10
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where
Vit, x(t),i) = x" (1)U ® P)x(t)

Va(t, x(1), 1) =/ U Ql)x<s)ds+/ xT()U ® Q2)x(s)ds
vg(r,x(n,i):/ / yT(v)(U®R1>y(v)dvds+/_]f y (0)(U ® Ry)y(v)dvds

+1:/ /HT(x(v))(U(X)R3)H(x(v))dvds

Va(t, x(0), i) = Bo(1 — fo) YtsTw)BT(u@zl)BS(v)dvds
sl —poy [ / €T ()BT (U & Z2)BE(v) dvds
where P, (i =1,2, ..., m), Qlt,_réz, ;Ql, Ry, R3,Z;, Z» > 0 and
N-1 -1 - -1
T
—1 -1 N-1],

The infinitesimal operator £ of V (¢, x(¢), i) is defined as follows [47]:

LV(t,x(),i) = limAﬁ(y%sup{E(V(t + A, x(t+A),

r+ A)|t, x(@),r@t) =i) =V, x@),r) =1i)}. (26)
From (25) and (26), we can obtain
LV(t,x(@),i) = LVi(t, x(),i)+ LV, (t, x(1), i) + LV3(t, x(t), i) + LVau(t, x(2), 1). 27

Calculating the time derivative of V along the trajectories of (22), we have

LVi(t, x(1), i) =2x" () U © P)y(1) + Z i Vi, x(@), j) + E{gT (1)U ® P)& (1)}
j=1

= 2" (U Py + ) vijx" (DU ® P)x(1)
j=1
+xT0(G" @Ty) U® PG @ Tii)x ()
+E{[B0)(G? @ Ta)x(t — 11 (1))
+(1=B0)(GP @ Ty)x(t — )] UB P)
< [BO(GP? @ Tyi)x(t — 1a(1)) + (1 = 1) (G ® T )x(t — (1))}
+ E{[B0)o V@) + (1 = B)a P O] U P)
x [B)aV (1) + (1 = B(1)a® ()]}

m

<2 OUR P)y®) + Y yix" (U ® P)x(1)

j=1
+: 710GV ® I’l,-)T(U ® P)(G" ®T'y)x(r)
+2ox (1 — ‘UIT(Z))(GEZ) ® in)T(Z/{ ® P,')(Gl@ ® Iy )x(t — 71(1))

11
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+2(1 = Bo)x" (¢ = ) (GP ® ) U® P)(G? & To)x(t — 12(8))
+2B00 VT U@ PP (1) +2(1 = B)oPT (YU ® P)aP () (28)

LVy(t,x(1), ) =xT(OUR Q1 +U® Q)x(t) —x"(t — 1)U ® Q1)x(t — 1))
—x"(t =) U ® 02)x(t — 1) (29)

LV3(t,x(1),i) =y O[tU @ R) + (12 — 1)U @ R)Iy(t) + T*H (1) (U ® R3)H (1)

- / Y ($)U @ Ry)y(s)ds — / ¥y ($)U ® Ry)y(s)ds
-7 HT(s)(U @ R3)H(s)ds (30)

-7

<HYTOIU R + (1 — 1)U @ Ry (@) + T HT (1)U ® R3)H (1)

—/ Y ($)U @ R)y(s)ds — / _ Y ()U ® Ry)y(s) ds

-1

t T t
— |:-/ H(s) ds] U® R3) |:/ H(s) dsi| 31

LVi(t, x(1), 1) = fo(1 = B)&" (B [11U ® Z)) + (2 — 1)) U ® Z21BE(1)

- f eT(s)BT (U ® Z,)BE(s) ds — f - eT ()BT (U ® Z,)BE(s) ds.
1 2 (32)
Employing the free matrix method [48-50], we have
26TOHURY) [x(t) —x(t —1() — / dX(S)} =0 (33)
t—1(t)

t—1y(1)
26T (U ® M) [x(t—tl(t))—x(t—tl)—/ dx(s)} =0 (34)
26T(HURT) [x(t — 1) —x(t — 1(2)) — / a dx(s)i| =0 (35

t—12(1)

1—12()
26T (U W) [X(t — ) —x(t — 1) — / dX(S)] =0 (36)
26T (U @ HAE(1) — y(1)] = 0. (37)

It can be shown from (33)—(36), there exist Ry > 0, R, > 0, Z; > 0, Z, > 0, such that

t

2T HURY) dx(s)
=11 (1)
= 26T (HURY) ()[y(s) + (B(s) — Bo)BE(s)]ds
- 26T(HU®Y) & (s) dw(s)
t—1i (1)

STuMETOURYIURR) ' +URZ)'TURY) &)

12
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+/ Yy ($)U ® Ry)y(s)ds
t—1y(t)

+ f ( )(ﬂ(S) — Bo)?(BE(s) U ® Z1)(BE(s)) ds

—26T(HU YY) & (s) dw(s).

=7y (1)

Similarly, we have

=11 (1)

—ZST(t)(U®M)/ dx(s)

-1

SO —u@)ETOUSMIUSR) '+ U Z)UM)TE(r)

t—1(1)
+ / Yy (s)U ® R)y(s)ds

-1

t—1i(1)
+f (B(s) — Bo)* (BE(s)" (U ® Z1)(BE(s)) ds

t—7y(1)

26T (U Y)/ 5 (s) dw(s)
T wen [ ds)

t—12(1)

<@ —EOURITIURR) '+ U Z) "MURT) (1)

¥ / T OWU @ Ra)y(s) ds

—02(t)

+/ 7()(/3(»9) — Bo)*(BE(s))T (U ® Z,)(BE(s)) ds
267U T) h 5 (s) dw(s)
t=15(t)
t—1p(t)

26T US W) / dx (s)

-1

<(-—nM)EOUIWMIUSR) '+ U Z) MU W)TE®R)

1—12(1)
+ / ¥y ($)U ® Ry)y(s)ds

-1

t—1(t)

. / (B(s) — Bo) (BE(s)) U ® Z) (BE(s)) ds
1—12()

2T HUS w>/ 5 (s) dw(s).

According to assumption 4 and condition (24), we have
low (¢, xx (1), X (t — 11(1))) — 01(t, (1), i (¢t — 11 0)]" Py
X [oic(t, xic (1), xi(t — 71 (1)) — 00, %, (1), x;(t — 1 (1))]

< I Gee(8) — i) 1 + T (e (8 — 71 (1) — xi (8 — T () 1)

(38)

(39

(40)

(41)

(42)

13
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[ow (t, xi (1), X (t — T2 (1)) — 0y (2, x1(2), x;(t — ()] P;
X [ow(t, xk (1), X (t — T2(2))) — ou(t, x1(8), x;(t — 12(2))]
< AT (e (1) — xi ()1 + T (et — () — xi(t — T2()) 117} (43)

Moreover, from assumption 3, for Va; > 0, oy > 0, a3 > 0, it can be derived that

~ aT -

o xu@®) [FIR+F'F, —F - FZT:| [xkl(t)] < (44)
| fu® | | - —F 21 Ju ()
r 1l ryT T T _ T

o X (1) Xl X2+X2X1 Xl X2:| [xk/(t):| <0 (45)
Lgu@®] | —X1—X» 21 8ri (1)
- -7 -

o X (1) H!H,+ H'H, —HI - HZT} |:xk1(t)i| <o0. 46)
()| | —Hi— H> 21 hi (1)

Noting that /G = GU = NG'? (¢ = 1, 2), based on the properties of the Kronecker
product(lemma 1), for any matrix H with an appropriate dimension, we obtain
U H) (G ®@Ty) = (UG”) ® (HTy) = (NG”) @ (HTy).  (47)
Adding (28)—(37) to the right of (27) and substituting (38)—(46) into (27), we obtain

m
LV(t,x;,1) < Z {2x4, () Py (1) + x5 (1) ZViijxkl(t) - NXIS(I)G;({}}Dngiinxkz(f)
I<k<I<N =1

— 2NBox}y(t — T1()) G5 T3 PToixa (t — 11 (1))

—2N (1 = Bo)x(t = (1)) G T3, PToixa (t — 7a(1))
+2Bokixg, (DT Tyxg () + 2Borixg; (t — Ty ()] Toxy (t — 11(1)

+2(1 — Bo)rix{ (DT Taxy (1) + 2(1 — Bo)hixy(t — Ta ()T Taxy (t — 72(2))
+2(1)(01 + 02)x(t) — xf(t — 1) Qi (t — 1) — x[,(t — 12) Qaxiy (t — 1)
+ g OIT Ry + (12 = 1) Ralyw (1) + T hy (1) Rah (1)

t T t
— |:/ I’lk](S) ds:| R3 |:/ hkl(s) dsi|

+Bo(1 — Bo)(BE),(O[T1 Z1 + (12 — T1) Z2]1BE ) (1) + 28 ()Y [ () — xpa (t — 71.(2))]
+2EL (OMxi(t — 11 (1) — xa(t — 7)1+ 28, (O T [xi(t — 71) — xu(t — 12(1))]
+2EL (O W xp(t — 1)) — xp(t — ©)] + 288 (1) S[(AE) (1) — Y ()]

o (xa()] [FTFy+ FIF, —FI — FZT] [xk,(z)]
| fu@®) ] | —Fi—F 21 Ju (@)
Y xa® ] [XTX,+XTX, —XT — XzT] |:xk1(t):|
lew® ] [ X1 — X 21 2u (1)
oy O] "THTH,+ HTH, —HT — HZT} [xk,(t)]
Lh () | | —Hi— H 21 hi (1)

+TOELOY (R + Z7 )Y &0 (@) + (11 — n)ESOM (R + Z7 )M £y (1)
Hro () —ELOT (R '+ Z5 )T & (1) + (o — n)EL OW (R '+ 27 ) W & (1)}

14
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= Y HEOEu+n@YR+ 27+ (@ — )M (R + 27 )M”

1<k<I<N
+(m®) — T (R, + Z5)TT + (1 — @)W (R + Z7 )W e (1)

= Y EWOE&Q. (48)
1<k<I<N

By Schur complement, we can conclude from (23)
it aM(RT! +Z7YMT 4 (- t)W(R + 2 )W <0
i+t uM(RT; +ZIYMT 4+ ()T (R +2,)TT <0
i+ nY(R7THZTYT + () W(R + 25 )W <0
i+ nY(R7THZTY YT+ (- o) T(Ry + 2 TT <.
By using lemma 4, we can obtain E < 0, and then it follows that

LV, x(0),1) < Amax(B) Y E{lE®]7)

1<k<I<N
a8 Y E{lxu ). (49)
1<k<I<N

Therefore, we have

E{V(t, x(1), D} — E{V(0)} < kmax(E)/o > Elllxu®[*ds,  (50)

1<k<I<N

which implies that
t

> E{llxg ()P} ds < —

0 1<k

Amax(E)E{V(O)} < +00. 51)

Moreover, by lemma 5, it is not difficult to see that E {||x;(s)||?} is uniformly continuous
on [0, +00), that is

E{llxa®I*} — 0 t — +00. (52)
The proof is complete. O

Remark 4. From theorem 1, it can be seen that the feasibility of (23) and (24) depends on not
only 7; and 15, but also the probability distribution of the delay-taking values in the interval,
more information of the time delays is involved (23). Moreover, by the introduction of lemmas
3 and 4, the convexity of the matrix equations is employed to derive the criteria. Therefore,
they may lead to a larger allowable upper bound of the time delays.

Model (9) is quite general. Let us now consider three special cases, and the corresponding
results are still believed to be new.

Case 1. We first specialize system (9) to the case without external disturbance; then
system (9) degenerates as follows:

Xk (1) = A(r(0) f () + B(r(1))g (xi(t — (1)) + C(r(t))/ h(xi(s)) ds

N N
+> G Tron® + Y GP Taroxt —1(®) (k=1.2,....N). (53)
=1 =1

Similar to theorem 1, we can derive synchronization stability criterion for system (53).

15
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Corollary 1. For given scalars ©» > 71 > 0,7 > 0 and By > 0, the stochastic
delayed networks (53) with mixed time delays and Markov switching are asymptotically
synchronized in the mean square, if there exist appropriate dimensional matrices P; > 0 (i =
,2,....,.m),0; >0,Z; >0 =1,2),R; >0 =1,2,3)and Y;, M;, T;, W; (i =1,2)
and S (j = 1,2,3,4) and positive scalars oy > 0,00 > 0, a3 > 0 such that the following
linear matrix inequalities hold for all 1 < k <l < N:

[EEZ: E*ZJ <0 (i=1,2,....m1=1,2,34) (54)
where
MO * * * * * * * * * *
@21 O x * * * * * * * *
0 O Oz * * * * * x % *
Os1; O Ouz Ouy % * * * * * *
0 0 0 Os4 Oss * * * * * *
Tihi=| Oy ATSIT 0 ATST 0 201 % * * % *
O7; Op 0 O 0 0 O77; * * % *
Os1;i Og 0 Osga; 0 0 Og7;  Oggi  *  * *
@; 0 0 0 0 0 0 0 O *
CrsT ¢rsT o cI'sT 0 0 0 0 0 —R x
[®11i O 0 Orgi 0 S4A; PoSaBi Ong 0 S4Ci Oppy

m
Oui=Y ¥Pi+ 01+ 0+ Y1 +Y — NGSiTy; — NGTTS] — oy (F Fy+ F] F)
j=1
— 20 (X{ Xo+ X3 X1) — a3(H{ H» + H) H,)
@i = —Po(1 — PONTIG ;' T3, ZiToi — Bo(1 — PN (12 — 1) G T, ZoTi
— Y, — Y] + M+ MT — BoNG ) $aTy — BopNG T L ST
Oui = —Bo(l — PONTIG G TL Zi Ty — fo(1l = Bo)N (12 — )G T L ZoTyy — Ty — T
+ Wi+ W — (1= B)NGS) STy — (1 — B))NGITT ST
Others terms are given in theorem 1, the proof is similar to that of theorem 1, which is

omitted here.

Case 2. Let us assume that system (53) evolves with neither mode switching nor distributed
time delay; then system (53) reduces to

N
() = Af () + Bg(a(t — (1)) + Y G/ Taxy(t)
=1

N
+Y Gt —t(1) (k=1,2,....N). (55)
=1
Similar to corollary 1, we can derive synchronization stability criterion for system (55).
Corollary 2. For given scalars Ty > 11 > 0 and By > 0, the stochastic delayed networks (55)

are asymptotically synchronized in the mean square, if there exist appropriate dimensional
matrices P >0, 0; >0,Z; >0, R; >0andY;, M;, T;, W; i =1,2)and S; (j = 1,2,3,4)

16
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and positive scalars o; > 0, ay > 0 such that the following linear matrix inequalities hold for

all1 <k <l <N:

[Z“ *]<0 (1 =1,2,3.4)
2

o
where
K * * * * * * *
O On * * * * * *
0 My— MIT @)33 * * * * *
(:)4 1 (:)42 T2T — T1 @)44 * * * *
= 0 0 0 Wo— Wl =0y =W — W] * * *
O ATST 0 ATST 0 —2ayI *
67 67 0 &7 0 0 67 *
B3 O 0 B4 0 0 o Oss
L Oo; B9, 0 B4 0 S4A  BoSsB (1 —Po)S4B

O =01+ Q0+ Y1+ Y —NGS$iT; = NGGIT[.S] — e (F[ Fo + F] Fy)
—2a2(XTX2 + X3 X))

6y =Y, =Y —BNGITIST — NGV s,T,

O = —po(l - ;%)NnG,E% 211 Z,Ts — Bo(1 = Bo)N (1 — 1) G2 TL Z,T,
— Yo=Y + M+ M] —ByNG ST, — BoNG T ST

Op=—01—My—M] + T+ T}

O = —(1—B)NGITISI — NG\ ST,

Oup = Po(l — PONTIGiT T Zi Ty + Bo(1 — Bo)N(r2 — 1) Gy P T ZoT
— (1= BYNGITIST — BoNGD 83T,

Ou = —Bo(1 — B)NTGIPTT 21T — Bo(1 — Bo)N (12 — 1)G LT 2Ty — Ty —

+ Wi+ W — (1= BOINGP STy — (1 — B)NGI'TT ST
®61 = ATSIT +051(F1 + Fz)
O71 = BoBT ST + ar (X + X>)

(56)

EIE SR SR S G S CR

@
N3
©

T)

67 = —Bo(1 — B)NTGIPTI Ty — Bo(1 — Bo)N (12 — 11)G 2T Z,T5 + o BT ST

67 = o1 — BONTGGPTI Z Ty + Bo(1 — Bo)N (12 — 1) G TT ZoTy + By BT ST

@77 = Bo(1 — o)t B" Z1 B + Bo(1 — Bo)(t2 — 1) B' Z2B — 2051
Og1 = (1 — BB ST + an (X1 + X»)

Os2 = Bo(1 — Bo)NTi BT Zi T2 + Bo(1 — Bo)N (2 — 1) BT ZoTy + (1 — Bo) BT ST
Ogs = —Bo(1 = B)NT BT ZiTy — Bo(1 — Bo)N (12 — 1)) BT ZoT2 + (1 — Bo) BT S5
Og7 = —Po(1 — o)1 BT Z\ B — Bo(1 — Bo)(t2 — 11)B" Z,B

Ogs = Bo(l — Bo)T1 BT Z1 B + Bo(1 — Bo)(12 — 11) BT Z2B — 251

Og1 =P — NG,((})S4F1 — ST

Ogy = —BoNG S4T — ST

17
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04 = —(1 — B))NGY) STy — S5
98 = (1 — Bo)S4B
Bgo = TIR + (12 — T)Ry — Sa — S .

> o> O

The proof can be obtained by following the same line in theorem 1.
Case 3. In this case, we consider the system (2) with 8(¢) = 1, that is, the discrete time
delay t(¢) € [0, 15], the system (2) degenerates as follows:

dx(r) = [(Un @ ADF(x(1)) + (Iy ® B)G(x(t — 1(1)))

+(Iy®Cy) | Hx(s)dsldr + (G @ Tyy)x (1)

-7

X (d +dwi (1)) + (G & o) x(r — T())(df +dwr (1)) + 0 (1) dws (1), (57)
Define

y(1) = A&(1) (58)
where

A= [Gfl)®rli G,Q)@in 0 In®A; In®B Iy®C; 0 ]

=" x"t—t@) x"t-n) F'x@®) G'(x@-—1@)

t
H'(x(0)) [, H (x(s))ds y" () ];

then system (57) can be expressed as

dx() = y(@)dt +6(t) dw(z) 59)
where

s =[(G" @Tu)x() (G @Tu)x(t —1(1) o]

dw’ (@) = [dw] (1) dwl @) dwl®)].
Corollary 3. For given scalars T, > 0 and T > 0, the stochastic delayed networks (57)
with mixed time delays and Markov switching are asymptotically synchronized in the mean
square, if there exist appropriate dimensional matrices P, > 0@ = 1,2,...,m), R, >
0G =1,2,01 > 0and Y;, Mi(i = 1,2) and S;(j = 1,2,3) and positive scalars

A > 0,4 > 0,01 > 0,0 > 0,3 > 0 such that the following linear matrix inequalities
holdforall 1 <k <l < N:

Xk
[iél 222] <0 (60)
P—ml<0  (i=1,2..ml=12) 61)
where
G * * * * * * * ]
@21,' @22,' * * * * * *
0 Oz Bsy * * * * *
$. Ouy; AiTSZT 0 —20 * * * *
W= @y BI'ST 0 0 —20r % * *
C:)Glz 0 0 0 0 ®66i * *
crsT ¢IsT 0 0 0 0 -—R %
| Os1; Og 0  S$34; S3B 0 $C Ogg

18
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2i=[nY nyy 00 0 0 0 0]
2,=[0 M »nM] 0 0 0 0 O]

$»=-1R

m
O =Y i Pi=NG T, PTy + LTI T+ Q1 + Yy + Y] NG ST —NGy T (ST
j=1
—a|(F{ K+ F) F) —oo(X{ X2+ X3 X1) — a3(H] H, + H) Hy)
Oui =Y, — Y = NGITLST — NG\))S,T;
Oni = —2NGGPTL Py + M T — Yo = Y + Mi+ MT —NG()$:T0 — NGO TL ST
O3 = My — M|
Opi=—01— M, — M,
Oui = Al S| +ai(Fi + F)
Os1; = B! S| + a2 (X1 + X2)
O61i = a3(Hy + Hp)
Ocsi = T2Ry — 203
Ogii = P — NG\;) 83Ty — ST
Ogoi = —NG) S3Ty — ST
Ogsi = R — S5 — 5.
Proof. Construct a Lyapunov—Krasovskii functional candidate as
V(t, x(t), i) = Vi(t,x(1), i) + Valt, x(1), i) + V3(t, x(1), i) (62)
where
Vit x(1),i) = x" (1)U ® P)x(t)

Vz(t,x(t),i)=/ xT (U ® Q1)x(s)ds
Vg(t,x(t),i)=f fyT(v)(u®R1)y(v)dvds

+T / HT(x(v))(Z/l ® Ry))H (x(v))dvds

-7 s
where P; i = 1,2,...,m), Q1, R;, R, > 0; the following parts can be obtained using the
similar method in theorem 1. O

Remark 5. The complex network model proposed in this paper is fairly comprehensive, which
comprises stochastic, Markovian jumping characteristics, discrete time delays and distributed
time delays. Therefore, our main results can readily specialize to many special cases, such
as stochastic complex networks with mixed time delays, stochastic complex networks with
Markovian jumping parameters and stochastic complex networks with Markovian switching.
The specialized results are still believed to be new as the network models have not been fully
researched yet. For presentation, we omit the corresponding corollaries here.

4. A numerical example

In this section, we use a number of examples to illustrate the results derived in this work.
The above synchronization conditions can be applied to networks with different topologies
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and different sizes. In order to illustrate the main results, we consider a lower dimensional

network model.

Example 1. For simplicity, we consider complex dynamical networks with three nodes and
the state vector of each node being two dimensional, i.e. N = 3, n = 2; other parameters are
given as follows:

—12 0 08 0.8 14 -1

A= [ 0 —14} B = [—1.2 —1.6] 1= [ 0.8 1.2}
—-10 0 12 -1 14 1

42 = [ 0 —12} B2 = [—0.8 —0.6] C2= [—0.6 0.6:|
[—02 0.1 0.1 7]

G"=101 -02 o1 | GV=26" TIy= [_0674 —00&6} 2 =0.1Ty
L 0.1 01 —02 ] ' '
0.3 0.1 027

G¥=1]01 -02 o1 GP =267 Ty = [__00'335 f‘jﬂ [y =020
| 02 01 —03 ' '

0.1 -0.1

0.1 -0.1
Furthermore, we take the following nonlinear functions:

F(0) = [0.5x41 () — tanh(0.2x;1 (£)) + 0.2x32(2)  0.95x42(¢) — tanh(0.75x;2(¢)) 17

g(xe(1)) = [0.2x1 (1) — tanh(0.1x;1 (1)) 0.1x42(r) 1"
h(xp () = [0.2x1(t) — tanh(0.1x1 (1))  0.1x42(2) ]T.
Then, it is easy to verify that

0.3 0.2 0.5 02 0.1 0
F‘_[o 0.2} FZ_[O 0.95] X‘_[o 0.1}

02 0 0.1 O 02 0
Xz:[o 0.1] H‘z[o 0.1} Hz:[o 0.1]‘
When the delay is random and its probability distribution is known a priori, let
T = 1,7y = 0.5 and By = 0.9; by using theorem 1, it is found that the maximum delay
bound is 7, = 4.619, for which the synchronized states of the networks are asymptotically
stable. For example, in theorem 1, when 17, = 2, by employing the LMI toolbox in MATLAB,

we can find a feasible solution with the following matrix variables (for simplicity, only the
positive matrix variables used in theorem 1 are listed):

1_I1=1_12=1_[3=H4=[ ] yi=-=-3 yu=3 yn=4 yn=-4

_ [0.0302 0.0078 _ [0.0321 0.0069 0, = 0.0361 0.0206
= 10.0078 0.0519 27 10.0069 0.0549 = 10.0206 0.0603
0, — 0.0367 0.0212 ~ [0.0051 0.0004 ~ [0.0019  0.0003
27 10.0212  0.0595 1= 10.0004 0.0043 27 10.0003 0.0017
02227 0.0439 _ [0.3085 0.0097 _ [0.1105 0.0043
37 10.0439 0.2509 "= 10.0097 0.2749 27 10.0043 0.0981

A1 = 0.0651 Ay =0.0748 a; = 0.6205 ar =0.1164 a3 = 0.2288.

To provide relatively complete information, we can obtain table 1 by using the LMI toolbox
in MATLAB, which lists the maximum allowable bounds for different 7; and Sy. It can be
found from table 1 that, when the probability distribution of the time delay can be observed,
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Figure 1. Variation of 7(¢) with o = 0.9, 7y =0.5and 1, = 5.
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Figure 2. The curve of the operation modes of example 1.

using theorem 1 can lead to a larger allowable upper bound of the delay than that using only
the variation range of the delay (the allowable upper bound of 7, is 2.047 by corollary 3).
Figures 1 and 2 show variation of t(¢) with 8y = 0.9, 7} = 0.5, 7, = 5 and the curve of the
operation modes, respectively.

We define the synchronization error of delayed complex networks as follows:

e)= Y Y () —x;(0)

1<k<I<3 i=1

Figure 3 depicts the curve of the synchronization error for randomly chosen initial conditions
for the case with Sy = 0.9, T = 1,7; = 0.5 and 7, = 4.5; this figure shows the error converge
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Figure 3. The curve of the synchronization error with 8o = 0.9, 71 = 0.5, 7, =4.5and r = 1.
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Figure 4. The curve of the synchronization error with fp = 0.9, 71 = 0.5, =5and r = 1.

Table 1. Allowable upper bound of 7, for different Sy and 71 (v = 1).

Bo 0.4 0.5 0.6 0.7 0.8 0.9 0.99

71=05 2190 2341 2551 2865 2399 4.619 13.729
71=1 2524 2610 2734 2926 3268 4.073 10419

to zero under the above conditions. It can be seen from table 1 that, when 8y = 0.9, 7 =1,
71 = 0.5, the allowable upper bound of t; is 4.541. Since the LMI conditions are sufficient
and not necessary, here we let t, = 5 (slighting above the threshold 7, = 4.619). Figure 4
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Figure 5. The curve of the synchronization error with 8o = 0.9, 71 = 0.5, 7, =55and r = 1.

depicts the curve of the synchronization for randomly chosen initial conditions; this figure
shows that the error converges to zero. But when we choose 7, = 5.5 (sufficiently above
threshold v, = 4.619), figure 5 depicts the curve of the synchronization; this figure shows that
the error does not converge to zero under the above conditions. It is important to note that the
obtained maximum delay bound (t, = 4.619) is close to the true value of the maximum delay
bound beyond which the synchronized states are not asymptotically stable.

5. Conclusions

In this paper, we have dealt with the synchronization stability problem for a class of stochastic
Markovian complex dynamical networks with distributed time delays and probabilistic interval
discrete time delays. Based on the information of the probability distribution of time delay,
some new models of the systems, which have stochastic parameter matrices, have been
proposed. Based on the stochastic analysis techniques and the properties of the Kronecker
product, some sufficient conditions for delay-dependent synchronization stability in the mean
square are derived in the form of linear matrix inequalities. An example is presented to show
the efficiency of the derived results. It should be pointed out that the method in the present
paper can also be extended to the case when the probability of the delay-taking values in series
of intervals can be observed; this work will be left for our future research.
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